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We provide a status report on the advances in blocking-inspired supersymmetric actions. This is
done at the example of interacting supersymmetric quantum mechanics as well as the Wess-Zumino
model. We investigate in particular the implications of a nontrivial realisation of translational
symmetry on the lattice in this approach. We also discuss the locality of symmetry generators.
I. INTRODUCTION
There has been an increasing interest in lattice simu-
lations of supersymmetric theories as potential high en-
ergy extensions of the standard model. As any quan-
tum field theory supersymmetry (SUSY) has to be reg-
ularized, and the space-time lattice is an obvious non-
perturbative choice. On the lattice, however, SUSY is
plagued by different conceptual and practical problems,
ranging from the explicit breaking of supersymmetry by
the boundary conditions to the violation of the Leibniz
and chain rule of differentiation by lattice derivative op-
erators [1]. For the current status of lattice SUSY see,
e.g., [2] and references therein.
In Ref. [3] three of us suggested to break supersymme-
try in a controlled way similarly to the implementation
of chiral symmetry for Ginsparg-Wilson (GW) fermions
[4]. This approach uses blocking as well-known from the
renormalization group context. Rather than trying to
evaluate the corresponding effective action, the concept
of [3, 4] is to focus on the modified symmetry obeyed by
it. This leaves us with a symmetry relation, or Ward-
Takahashi identity, corresponding to a modified symme-
try transformation. It ensures the full symmetry in the
continuum limit, i. e. in the limit of removing the regu-
lator. Other solutions than the one from blocking, which
is typically unknown, should be possible for it.
The aim of this approach is to represent SUSY on the
lattice in a similar way as a solution of such a symmetry
relation (eq. (11) below). The breaking of the Leibniz
rule by any lattice difference operator forbids the real-
ization of the unmodified complete SUSY on the lattice
[5]. This is similar to the Nielsen-Ninomiya theorem in
the case of chiral symmetry. Like in the Ginsparg-Wilson
relation [4] the nontrivial right hand side of the relation
should account for this unavoidable breaking. One of
the main obstacles in finding solutions is the obviously
nonlinear character of this relation for truly interacting,
i. e. higher than quadratic, systems. The appearance
of polynomial interactions of degree higher than in the
original theory or even non-polynomial interactions is fa-
miliar from effective actions. Their contribution vanishes
in the continuum limit.
Another aspect that needs to be investigated in this
approach is locality of the resulting action. Like the poly-
nomial form, also locality might be lost in a generic effec-
tive action, e. g. with a sharp momentum cut-off in the
regulator. Nevertheless the locality in terms of the expo-
nential suppression of the interaction with the distance is
considered a basic requirement of a lattice theory. Note
that in [6] a supersymmetric lattice action with a similar
modified locality was obtained using a different approach
that implements nonlinear transformations on the lattice.
It may help to review conventional lattice actions from
this point of view. Non-abelian lattice gauge actions with
local gauge invariance are well-established. Only in some
special cases these actions are derived from an explicit so-
lution of the blocking from the continuum. A solution to
the GW relation for chiral symmetry is the overlap opera-
tor, which can be obtained from five-dimensional domain
wall fermions. These solutions are derived according to
the symmetry relation of the blocked action, but not as a
solution of the blocking. Hence the symmetry relation is
enough to ensure the symmetric continuum limit. Note
that for chiral symmetry the gauge fields are spectators,
such that this action should be viewed as quadratic in
the fermion fields. Therefore, the derivation is simple
compared to the generic case.
Solutions of the general symmetry relation have been
worked out in [3] for free field theories and constant fields
in supersymmetric quantum mechanics. Here, we further
pursue this approach. We discuss further properties of
the modified symmetry relation and its solutions. We
give a status report on the advances made so far and an
assessment of the remaining obstacles.
The present work is structured as follows. In Sec-
tion II we recall the formalism of [3]. It is extended
by an alternative way to derive solutions in the triv-
ial non-interacting case. The supersymmetric quantum
mechanics is considered as an simple application of this
general setup. In Section III we discuss applications of
the present formalism to the continuum theory in the
presence of a controlled supersymmetry breaking. This
includes in particular the two-dimensional Wess-Zumino
2model. In Section IV we discuss necessity of the break-
ing of translational invariance in the present setting. In
Section V we summarise our findings.
II. THE SET-UP
A. Blocking and the symmetry relation
In this section we briefly review the symmetry relation
for arbitrary linear symmetries that has been obtained
via blocking in [3]. We consider some continuum the-
ory with fields ϕi(x) and classical action Scl[ϕ], whose
generating functional reads,
Z[J ] =
1
N
∫
dϕ e−Scl[ϕ]+
∫
dx Ji(x)ϕi(x) , (1)
where the index i sums over internal structures, Lorentz
indices and species of fields. In the following we consider
theories with a linear symmetry, to wit
ϕ→ ϕ+ δ˜ϕ , (δ˜ϕ)i(x) = ǫ
∫
dy M˜ ij(x, y)ϕj(y) , (2)
where M˜ may mix different field species, in the case of
SUSY it does mix fermions and bosons.
A renormalization group step with the regulator R
leads to the Wilsonian effective action S[φ]:
e−S[φ] := NR
∫
dϕ e−R[ϕ,φ]−Scl[ϕ] . (3)
where in general φi are the fields of the regularized ef-
fective action. We consider a specific quadratic regulator
that is defined as
R[ϕ, φ] :=
1
2
(φ− Φ[ϕ, f ])inα
ij
nm(φ− Φ[ϕ, f ])
j
m (4)
NR := SDet
1/2α . (5)
In our approach the blocked fields φin are the fields on the
lattice. Therefore, the regulator involves as a first step
an averaging of the fields with an averaging function f
around a lattice point an,
Φ[ϕ, f ]in :=
∫
ddx f ij(an− x)ϕj(x) , (6)
where a is the lattice spacing and n are integers labelling
the lattice sites. f may mix the different fields. The
blocking kernel α is assumed not to mix bosons and
fermions. SDet is the super-determinant, i.e. the de-
terminant for bosons and its inverse for fermions. When
α→∞, the lattice fields φ are forced to be equal to the
averaged fields Φ (absorbing the superdeterminant) and
eq. (3) becomes
e−S[φ] =
∫
dϕ
∏
i,n
δ(φin − Φ[ϕ, f ]
i
n)e
−Scl[ϕ] . (7)
When the lattice contains only one lattice site and the
averaging function f is constant, the corresponding S is
the constraint-effective potential [7].
At linear order a continuum symmetry transformation,
eq. (2), on the r. h. s. of eq. (3) leads to the relation
eS[φ]
〈∫
dx δ˜ϕi(x)
δR[ϕ, φ]
δϕi(x)
〉
R
− 〈TrM˜〉R = 0 , (8)
where the expectation values at fixed blocked fields is
defined as
〈O〉R := NR
∫
dϕ e−R[ϕ,φ]−Scl[ϕ]O[ϕ;φ]. (9)
These expectation values include a functional dependence
on the blocked fields φ.
The continuum expectation values in relation (8) can
be transferred into functional derivatives of the lattice
fields only, provided the following lattice counterpart M
of the continuum symmetry operator M˜ can be defined,
M iknmΦ[ϕ, f ]
k
m = Φ[M˜ϕ, f ]
i
n . (10)
In [3] this has been named ‘additional constraint’ and its
importance has been discussed for chiral symmetry and
SUSY.
Then, as derived in [3], the relation (8) translates into
M ijnmφ
j
m
δS
δφin
= (Mα−1)ijnm
(
δS
δφjm
δS
δφin
−
δ2S
δφjmδφin
)
+STrM − 〈STr M˜〉R . (11)
It will be interpreted as an invariance of the lattice action
S and named ‘symmetry relation’ or ‘WT identity’ in due
course.
All actions S defined via the blocking (3) will automat-
ically fulfil the relation (11). The opposite does not apply
since the symmetry relation is but one of the functional
relations a blocked action satisfies.
Note that the l. h. s. of this equation multiplied by
the symmetry parameter ǫ is just the variation of S to
leading order O(ǫ)
δS = δφin
δS
δφin
= ǫM ijnmφ
j
m
δS
δφin
. (12)
Thus the r. h. s. of the symmetry relation (11) modi-
fies the naive symmetry δS = 0. The first line of the
r. h. s. of (11) is independent of the averaging function
f , rather caused by the blocking kernel α. To be precise,
the nonsymmetric part of α generates this term, it is ab-
sent for symmetric kernels [3] or delta-blocking α−1 → 0,
cf. eq. (7).
Specialising to the case of chiral symmetry with
fermions ψ, ψ¯ as fields, the Dirac operator ψ¯Dψ as a
quadratic action in them and symmetries M, M˜ ∝ γ5
trivially fulfilling the additional constraint, the first and
second line of the symmetry relation (11) are nothing but
the GW relation and the index theorem, respectively [3].
3Solutions of this relation such as the overlap operator [8]
represent chiral fermions on the lattice. Its locality has
been shown for not too rough configurations [9].
Our hope is to represent SUSY on the lattice in a sim-
ilar manner through actions that obey the symmetry re-
lation (11) and approach the original (classical) action in
the continuum limit.
The symmetry may be looked at in a slightly differ-
ent way, namely by defining (‘deformed’) field-dependent
symmetry transformations for the fields,
(Mdef)
ij
nmφ
j
m =M
ij
nm
(
φjm − (α
−1)jkmr
δS
δφkr
)
, (13)
which are generalisations of the modified chiral transfor-
mations on the lattice [10]. The WT identity (11) then
reduces to
(Mdef)
ij
nmφ
j
m
δS
δφin
= (−1)|φ
i||φj| δ
δφin
[
(Mdef)
ij
nmφ
j
m
]
− STr M˜ . (14)
Note that for Wilson fermions – which are ultralocal
but do not obey the naive chiral symmetry, as governed
by the Nielsen-Ninomiya theorem [11, 12] – one can still
write down a deformed symmetry, which, however, is
non-local [13].
B. A short note on trivial solutions
The relation eq. (11) leads to a deformed lattice sym-
metry that contains only derivatives with respect to the
lattice fields. The only direct reference to the continuum
is encoded in eq. (10). In order to find a different way to
relate the lattice expression with the continuum we turn
back to an intermediate step in the derivation of eq. (11).
The regulator (4) leads to the following relation of the
expectation values
〈∫
dx δ˜ϕi(x)
δR[ϕ, φ]
δϕi(x)
〉
R
=
〈
Φ[δ˜ϕ, f ]imα
ij
nm(Φ[ϕ, f ]−φ)
i
n
〉
R
(15)
or, equivalently,
〈∫
dx δ˜ϕi
δR[ϕ, φ]
δϕi(x)
〉
R
= (−1)|φ
i||δ˜ϕi| δ
δφim
〈
Φ[δ˜ϕ, f ]im
〉
R
.
(16)
In some cases the functional dependence of the r. h. s.
of eq. (16) on the lattice field φ can be solved. In a
theory without interactions the expectation value can be
obtained from a saddle point approximation. The action
has in this case the simple form
Scl =
1
2
∫
dxϕK˜ϕ, (17)
and the expectation value from of the saddle point solu-
tion, ϕ0, of the path integral leads to〈
Φ[δ˜ϕ, f ]im
〉
R
= e−SǫfM˜ϕ0
= e−Sǫ
[
fM˜(fTαf + K˜)−1fαφ
]
. (18)
In this short hand notation the application of the aver-
aging is represented as an application of f (i. e. fϕ :=
Φ[ϕ, f ]), cf. [3] for details. Hence ǫfM˜ϕ0 stands for the
average of the variation of ϕ0. With this simple solution
the relation eq. (8) now becomes
eS[φ](−1)|φ
i||δ˜ϕi| δ
δφim
〈
Φ[δ˜ϕ, f ]im
〉
R
− ǫ〈STr M˜〉R
= ǫ
[
fM˜(fTαf + K˜)−1fα
]ij
mn
φjn
δS
δφim
(19)
+ǫ STr
[
fM˜(fTαf + K˜)−1fα
]
− ǫ〈STr M˜〉R = 0
Since the relation is linear the matrix fM˜(fTαf +
K˜)−1fα can be interpreted as a symmetry generator on
the lattice. Hence eq. (19) represents a symmetry rela-
tion on the lattice. The main difference to the modified
symmetry relation (13) is that K˜ encodes a direct refer-
ence to the continuum action. Such a reference seems to
be unavoidable in a solution of the expectation values in
(8). in the generic case these expectation values can can
not even be solved and only be approximations of them
are available. In our approach the constraint in (10) al-
lows to avoid the reference to the continuum action and
to express the expectation values in terms of derivatives
of lattice fields. In turn, keeping the reference to the con-
tinuum action, the additional constraint can be evaded.
Note that in a theory without interactions the lat-
tice action defined in (3) follows directly by solving the
Gaußian path integral. It is the perfect action as men-
tioned in [14]. This action is a solution of the lattice
symmetry relations eq. (19) and eq. (13). Apart from
the trace part the symmetry relation eq. (19) of the per-
fect action has already been found in [15].
C. Supersymmetric Quantum Mechanics in the
Continuum
Supersymmetric Quantum Mechanics (SUSYQM) is
one of the simplest supersymmetric models and thus
ideal for investigating SUSY on the lattice. It is a one-
dimensional theory of a real boson χ˜, a bosonic auxil-
iary field F˜ , a complex fermion (Grassmannian) ψ˜ and
its complex conjugate ˜¯ψ, which we collect into the field
vector ϕi = (χ˜, F˜ , ˜¯ψ, ψ˜). The off-shell action
Scl[ϕ] =
∫
dxLcl (ϕ(x)) (20)
Lcl =
1
2
(∂xχ˜)
2 + ˜¯ψ∂xψ˜ −
1
2
F˜ 2 + ˜¯ψ
∂W
∂χ˜
ψ˜ − F˜W ,
4consists of kinetic terms (actually algebraic for the aux-
iliary field) and particular potential terms defined by the
superpotential W (χ˜). The latter encodes mass terms
and interactions, for instance through the choiceW (χ˜) =
mχ˜2 + gχ˜3.
This action is invariant under continuum supersymme-
try transformations δ˜χ˜ = −ǫ¯ψ˜ + ǫ ˜¯ψ etc. up to a surface
term, which we collect into
M˜ =


0 0 0 1
0 0 0 −∂x
−∂x −1 0 0
0 0 0 0

, ¯˜M =


0 0 −1 0
0 0 −∂x 0
0 0 0 0
∂x −1 0 0

, (21)
and obviously
{
M˜, ¯˜M
}
= 2∂x.
Let us parametrise the blocking first through its inverse
as
a(α−1)ijmn =


a2 0 0 0
0 a0 0 0
0 0 0 a1
0 0 −a1 0


mn
. (22)
The index of the parameters has been chosen according
to the length dimension. This kernel can be shown to be
the most general one up to α’s that do not contribute to
the symmetry relation, cf. App. F of [3]. The original α
is obviously
1
a
αijmn =


b2 0 0 0
0 b0 0 0
0 0 0 −b1
0 0 b1 0


mn
, (23)
where b0,1,2 = 1/a0,1,2.
III. BLOCKING IN THE CONTINUUM
Our formalism can also be used to obtain equivalent
theories in the continuum, which we explore in this sec-
tion. The general structure of these solutions helps to
identify the structure of possible solutions on the lat-
tice and identify trivial transformations, that can be ne-
glected. An advantage of this approach is that we do not
need to consider the additional constraint.
To that end we do not perform an averaging, but re-
place eq. (6) by Φ = ϕ (formally f is the delta distribu-
tion). Treating an as a continuous variable, all formulae
can be taken over with obvious modifications (integrals
instead of sums etc.). In particular, M = M˜ and no
additional constraint occurs. Hence
e−S[φ] = SDet 1/2α
∫
dϕ e−
∫
dxdy (φ−ϕ)(x)α(x,y)(φ−ϕ)(y)/2
× e−Scl[ϕ] . (24)
The transformed action S fulfils a relation analogous to
(11),
∫
dxdy M˜ ij(x, y)φj(y)
δS
δφi(x)
= (25)∫
dxdy(M˜α−1)ij(x, y)
[
δS
δφj(y)
δS
δφi(x)
−
δ2S
δφj(y)δφi(x)
]
,
or, equivalently, is invariant under field-dependent de-
formed symmetry transformations
∫
dy (M˜def)
ij(x, y)φi(y) (26)
=
∫
dy M˜ ij(x, y)
[
φj(y)−
∫
dz (α−1)jk(y, z)
δS
δφk(z)
]
.
that can be written like (14),
∫
dxdy (M˜def)
ij(x, y)φj(y)
δS
δφi(x)
= − STr M˜ (27)
+ (−1)|φ
i||φj|
∫
dxdy
δ
δφi(x)
[
(M˜def)
ij(x, y)φj(y)
]
.
Even though the transformation does, strictly speaking,
not correspond to a blocking of the degrees of freedom to
lattice fields we still use the name blocking in due course
to mark its similarity to the blocking transformation.
A. Blocking for SUSYQM
For SUSYQM the blocking (24) can be performed ex-
plicitly in the auxiliary and fermionic field, since the La-
grangian (20) is bilinear in this sector. For finite a0 and
a1 (equivalently finite b0 and b1) proportional to δ(x−y)
and vanishing a2/diverging b2 in the sense of (7) we ob-
tain
e−S[χ,F,ψ,ψ¯] = N
∫
dF˜dψ˜d ˜¯ψ exp
(
−
∫
dx
[
b0
2
(F − F˜ )2 + b1(ψ¯ −
˜¯ψ)(ψ − ψ˜) + Lcl(χ, F˜ , ψ˜,
˜¯ψ)
])
(28)
5and thus
S =
∫
dx
{
1
2
(∂xχ)
2 −
1
2
b0
b0 − 1
F 2 −
b0
b0 − 1
FW −
1
2(b0 − 1)
W 2 + ψ¯
[
b1 − b
2
1
(
∂x +
∂W
∂χ
+ b1
)−1]
ψ
}
− log det
[
∂x +
∂W
∂χ
+ b1
]
(29)
This action has several interesting properties: first of
all it depends on parameters b0,1 which in the limit b0,1 →
∞ – that is diverging α – lead back to the original off-
shell action. On the other hand, in the limit b0,1 → 0, it
is the on-shell action (with the fermionic action written
as determinant), the auxiliary and fermionic field are just
integrated out from the original action in (28).
The action fulfils the continuum symmetry relation
(25) with nonvanishing right hand side. It is invariant
under the field dependent transformation derived from
(26),
δχ = −ǫ¯
(
ψ + a1
δS
δψ¯
)
+ ǫ
(
ψ¯ − a1
δS
δψ
)
, (30)
δF = −ǫ¯∂x
(
ψ + a1
δS
δψ¯
)
− ǫ∂x
(
ψ¯ − a1
δS
δψ
)
, (31)
δψ = −ǫ∂xχ− ǫ
(
F − a0
δS
δF
)
, (32)
δψ¯ = ǫ¯∂xχ− ǫ¯
(
F − a0
δS
δF
)
. (33)
Let us get some more intuition about this action by com-
parison with the nontrivial solution in the zero mode sec-
tor worked out in [3]. When reduced to constant fields,
the action (29) on a space of volume V becomes
S
V
= −
1
b0 − 1
[
b0
2
F 2 + b0FW +
1
2
W 2
]
(34)
+ ψ¯
(
b1 −
b21
∂W
∂χ + b1
)
ψ − log
(
∂W
∂χ
+ b1
)
.
To specialize to a term λψ¯χψ as in eq. (118) of [3], we
choose
∂W
∂χ
+ b1 =
b21
b1 − λχ
. (35)
A particular solution is
W = −
b21
λ
log
(
1−
λχ
b1
)
− b1χ . (36)
Plugged into the action this yields
S = −
1
b0 − 1
[
b0
2
F 2 − b0F
(
b21
λ
log
(
1−
λχ
b1
)
+ b1χ
)
+
1
2
(
b21
λ
log
(
1−
λχ
b1
)
+ b1χ
)2]
− log
(
b21
b1 − λχ
)
+ λψ¯χψ . (37)
which is very similar to the bosonic part of the interacting
solution in the zero mode sector given in Eq. (116) of [3],
h(χ, F ) =
1
2
F 2 −
1 + a0
a1
χF +
a0(1 + a0)
2a21
χ2
−
(
1 +
1 + a0
a21λ
F −
a0(1 + a0)
a31λ
χ
)
log(1 − a1λχ)
+
a0(1 + a0)
2a41λ
2
(log(1− a1λχ))
2 , (38)
where we have set the number of lattice points and the
lattice spacing to one (N = a = 1).
Up to a constant, this bosonic part can be obtained
from blocking by the choice
W = −
b21
λ
log
(
1−
λχ
b1
)
− b1χ−
1
2(1 + b0)
F˜ , (39)
which is necessarily F˜ -dependent. Originally, W was as-
sumed a function of the bosonic field only. In particular,
the blocking (28) is not guaranteed to give the action
(29) anymore. However, F˜ is still Gaussian and inte-
grating out results in the desired action. Note that an
F˜ -dependent W only yields a supersymmetric action for
constant fields, because the variation of F˜ vanishes in this
case. This marks the difference between (39) and the so-
lutions of the blocked actions derived from (20) where
the F˜ -dependent term does not appear.
The action (29) derived via blocking in the auxiliary
and fermionic sector is nontrivial: It contains interac-
tions of different kind than those in the original action
(20), it depends on additional parameters b0,1 and obeys
nontrivial symmetries. Yet it is fully equivalent to the
original SUSYQM system (since it is connected to the
latter by a Gaussian blocking). As such it may serve as
an example, in which the same physical content including
the symmetry is represented by an unconventional action
and a nonlinear symmetry relation.
6The solution for constant fields can also help to un-
derstand the general difference between actions fulfilling
the symmetry relation and actions derived from blocking.
The action (38) is a solution of the symmetry relation
for constant fields. Actions obtained from the blocking,
on the other hand, are of the form (34). From the differ-
ent F 2 coefficients one immediately infers that the action
(38) cannot be obtained from the blocking.
For most of the numerical simulations, however, the
differences between the actions (20) and (29) are negli-
gible. Usually the auxiliary field is integrated out and
fermions are replaced by the determinant of the opera-
tor in between them. When both computations are per-
formed one gets up to constants,
Son=
∫
dx
[1
2
(∂xχ)
2+
1
2
W 2
]
− log det
[
∂x+
∂W
∂χ
]
, (40)
from both actions, (29) and (20).
Technically this comes about because the fields F˜ are
integrated out in the blocking. For the on-shell action
the new fields, say F , are integrated out as well,
∫
dF e−S[F ] =
∫
dFdF˜ e−b0(F−F˜ )
2/2−Scl[F˜ ] (41)
=
∫
dGdF˜ e−b0G
2/2−Scl[F˜ ] ∝
∫
dF˜ e−Scl[F˜ ] ,
such that the resulting expression is proportional to the
one obtained by integrating out exactly those fields from
the original action. Consequently, b0 (and likewise the
fermionic b1) parametrising the family of actions (29) dis-
appeared.
The nontrivial effect of the blocking reappears in the
expectation values of the transformed fields ψ, ψ¯, and F .
Part of the fermionic contribution of the action has been
converted to a nonlocal term of the bosonic part. The
nonlinear symmetry (33) is reflected in terms of compli-
cated Ward identities relating the expectation values of
the transformed fields.
Discretising the action (40) on the lattice, one is still
confronted with all the mentioned problems of lattice
SUSY. We have, however, gained some information about
the general solutions one might expect from a blocking
transformation. A less trivial reformulation would be to
block the boson field by virtue of a finite b2. This, how-
ever, requires to compute a non-Gaussian path integral,
which is as difficult as solving the system itself.
B. Two dimensional Wess-Zumino model
Blockings of the auxiliary field can always be applied
in a straightfoward way. Consider for example the Wess-
Zumino model in two dimensions with complex bosonic
fields χ, F˜ and complex two component spinors Ψ, see
e.g. [16, 17]. The action can be written in the following
way
Scl =
∫
d2x
[
−
1
2
χ∗∂2χ−
1
2
|F˜ |2 +
1
2
F˜W ′ +
1
2
F˜ ∗(W ′)∗
+ Ψ¯
(
✁∂ + P+W
′′ + P−(W
′′)∗
)
Ψ
]
,
(42)
where P± =
1
2 (1 ± γ∗) and W (χ) is some polynomial of
the field χ. The blocking can now be easily applied in
the auxiliary field sector:
exp
(
1
2
∫
dx(F ∗ − F˜ ∗)b0(F − F˜ )
)
(43)
This leads to the following action
Scl =
∫
d2x
[
−
1
2
χ∗∂2χ−
b0
2(1 + b0)
|F˜ |2 +
1
2(1 + b0)
|W ′|2
+
b0
2(1 + b0)
(F˜W ′ + F˜ ∗(W ′)∗)
+ Ψ¯
(
✁∂ + P+W
′′ + P−(W
′′)∗
)
Ψ
]
.
(44)
In the limit of b0 → 0 this is the on-shell action; in the
limit of b0 →∞ the off-shell action. The symmetry trans-
formations can be deduced straightforwardly and con-
tain the nonlinear terms like the on-shell supersymmetry
transformations. This shows how our setup can be gener-
alized to more than one dimension. Again the difference
of the transformed (blocked) and the original action are
only relevant for expectation values of the auxiliary field.
IV. TRANSLATIONAL INVARIANCE
BLOCKED
Supersymmetry is intimately connected to the Poinca-
re´ algebra and thus to infinitesimal translations. Typi-
cally two SUSY transformations anticommute to a partial
derivative. In this section we consider the anticommuta-
tor of two general linear symmetry generators and show
that a corresponding symmetry relation also holds for it.
In that way one is lead from SUSY to the symmetry rela-
tion for translations. It is easier to analyse this relation,
but we will discuss that it can be fulfilled only under
non-standard circumstances.
Let ǫIM˜I and ǫIIM˜II be two infinitesimal continuum
symmetries in the sense of (2), which both fulfill the addi-
tional constraint (10). It follows straightforwardly that
every polynomial of these symmetries fulfills this con-
straint, too. For SUSY with its Grassmannian ǫ’s this
means that the anticommutator of M˜I and M˜II fulfills
the additional constraint.
Consider the effect of a combination of the two sym-
metries. The simplest way to derive the corresponding
symmetry relation is to use the fact that in the original
7theory infinitesimal symmetry generators form an algebra
of the associated symmetry group. It is a necessary, but
not sufficient, condition for the symmetry relation that
the anticommutator of two symmetry transformation also
fulfills a corresponding symmetry relation. Therefore,
the commutator of these generators is again a generator
and as such it is subject to a symmetry relation. For
supersymmetry we write[
ǫIM˜I , ǫIIM˜II
]
= ǫIǫII
{
M˜I , M˜II
}
≡ ǫIǫII∂ (45)
defining the continuum operator ∂. In SUSYQM we have
M˜I = M˜ , M˜II =
¯˜M , ∂ = 2∂x . (46)
For all supersymmetric theories one can find M˜ ’s that an-
ticommute to partial derivatives wrt. coordinates. There-
fore, we are left to analyse the consequences of the sym-
metry relation for partial derivatives. Obviously this can
be done with just one field species.
In the following we investigate what kind of nontriv-
ial modifications of the translational invariance on the
lattice can be deduced from the symmetry relation. In
particular we allow for a nonlocal antihermitian part of
the operator ∇. Such a nonlocal part arises in a natural
way from the additional constraint. This consequence of
the constraint for derivative operators have already been
studied in [3].
Let us restrict our investigation to one real bosonic
field φ with values φn at lattice sites an. Then the sym-
metry relation reads,
∇nmφm
δS
δφn
= (∇α−1)nm
(
δS
δφm
δS
δφn
−
δ2S
δφmδφn
)
+Tr∇− Tr ∂ . (47)
As the second line of this equation is field-independent,
we can focus on the first line.
Difference operators ∇ are assumed to be anti-
hermitian (giving purely imaginary eigenvalues like par-
tial derivatives do) and real, hence
∇T = −∇ , ∇nm = −∇mn (48)
By construction, α is symmetric and so is its inverse(
α−1
)T
= α−1 ,
(
α−1
)
nm
=
(
α−1
)
mn
, (49)
For the product on the r.h.s. of the symmetry relation
(47) it follows that(
∇α−1
)T
= −α−1∇ . (50)
Translational invariant lattice operators X are circu-
lant matrices, Xm,n = Xm−n, that anticommute with
the matrix
P =


0 1
0 1
. . . 1
1 0

 . (51)
Consequently, all powers of X including its inverse com-
mute with P .
If we assume that both ∇ as well as α and hence α−1
are circulant,
[∇, P ] = 0 , ∇n,m = ∇n−m (52)
[α, P ] = 0 ,
[
α−1, P
]
= 0 ,
(
α−1
)
nm
=
(
α−1
)
n−m
,(53)
then ∇ and α−1 commute and (50) turns into the anti-
symmetry
(
∇α−1
)T
= −∇α−1,
(
∇α−1
)
nm
= −
(
∇α−1
)
mn
. (54)
Since the first and second derivative of the lattice action
S appearing on the r.h.s. of (47) are symmetric in n
and m, it follows that the first line on the r.h.s. of the
symmetry relation vanishes. The same conclusion can be
drawn for fermion fields, with the obvious assumptions
that α and S connecting ψ¯ and ψ are antisymmetric.
In this case one is back at the naive symmetry relation,
where the variation of the lattice action under infinitesi-
mal translations must vanish. This immediately leads to
nonlocal actions if ∇ is nonlocal.
There are several conceivable ways out keeping a non-
trivial r.h.s. of the symmetry relation:
1. α−1 is chosen non-circulant;
2. ∇ is non-circulant;
3. both α−1 and ∇ are non-circulant;
4. ∇ is given a hermitian part.
All of them are not very natural. The first three mean
that the difference operator in the lattice SUSY transfor-
mations or/and the blocking are not translational invari-
ant.
For option 1 we can even show that the action cannot
be translational invariant anymore. For that purpose we
move to momentum space, where the symmetry relation
reads
∇pφp
∂S
∂φp
= ∇p
(
α−1
)
pq
(
δS
δφp
δS
δφ−q
−
δ2S
δφpδφ−q
)
,
(55)
(no sum in p) neglecting the trace parts. If the action
S is translational invariant, the l.h.s. only contains field
products whose momenta sum up to zero. This is not true
for the r.h.s., because α−1 connects different momenta.
Thus the two sides can only be equal for all field values
if the action is not translational invariant.
Option 4 resembles the Wilson-Dirac operator in gauge
theories, where a hermitian part is added to the naive one
in order to lift doublers with the disadvantages of explic-
itly breaking chiral symmetry and mixed hermiticity with
complex eigenvalues.
The option 4 is beyond the scope of our current setup.
In the current setup the lattice derivative operator ∇
is completely fixed by the additional constraint, cf. [3]
8for details. A hermitian part of the operator can not be
added in this case. Hence it immediately follows from the
above discussion that a local lattice version of the sym-
metry relation is not possible. However, the above discus-
sion points to possible modifications of our approach. A
systematic modification might be possible in the context
of Section II B or as an approximate solution of the ad-
ditional constraint. Such an approximation can be com-
pared with the truncations of the nonlocal solutions of
the naive symmetry relation as derived in [18].
V. CONCLUSIONS
We briefly summarise our findings and discuss pos-
sible extensions of the present work. We have imple-
mented the modified supersymmetry relations derived
in [3] within low-dimensional interacting supersymmetric
theories. We have also presented an alternative deriva-
tion of the lattice symmetry. Its disadvantage is a direct
dependence on the underlying continuum theory. Hence
it is not a genuine lattice symmetry. On the other hand
it evades the additional constraint introduced in [3].
Staying in the continuum, i.e. without the averag-
ing, we have studied SUSY systems that are equiva-
lent through quadratic blockings. We have seen that
nontrivial solutions emerge already in this simple case.
In general we find nonlinear transformations and the
non-polynmial solutions already for these simple trans-
formations. The problem raised in [3] about the non-
polynomial form of the solutions is hence rather a tech-
nical than a conceptual issue. It appears in a derivation
of a blocked action similar way in the continuum and on
the lattice.
In the zero mode sector we have compared such blocked
actions to solutions of the deformed symmetry relation
from [3]. We emphasise that the symmetry relation con-
stitutes only one of infinitely many functional relations
between correlation functions, whereas the blocking in
the path integral determines all of them. This entails
that there are more solutions to the symmetry relation
than actions obtained directly through blockings, an ex-
ample of this has been given in the zero mode sector.
However, solutions of the symmetry relation imply a
supersymmetry-improved lattice action which can be the
starting point for simulations.
The goal of our investigations has been to find local
solutions of the deformed symmetry lattice SUSY. In [3]
we have shown that the modified symmetry relations are
satisfied for actions with algebraically decaying kinetic
operators; hence in a strict sense locality is broken in
these cases. It is again illustrative to compare this with
the situation for chiral fermions. There, the locality of
the Dirac operator is tightly linked to the locality of the
generator of the deformed symmetry. For example, one
can also derive a deformed symmetry relation for Wil-
son fermions but the related generator of the deformed
symmetry is not local. In turn, the generator of chiral
symmetry for Ginsparg-Wilson fermions is local.
In the case of deformed supersymmetry the missing
locality reflects the problem with the Leibniz rule and the
fact that supersymmetry transformations do not form a
compact group, as they include translations. We have
investigated the symmetry relation for translations and
elaborated that the deformed symmetry for them is the
trivial one unless unconventional difference operators are
used. In any case the nonlocality of the relation can not
be avoided.
This immediately raises the question for the proper
definition of the necessary locality or decay properties.
In our opinion this is one key issue for practical imple-
mentation of lattice supersymmetry by means of blocked
symmetry relations. Another way out is to derive sym-
metry relations that depend on the specific continuum
action of the model under consideration. As stated in
Section II B this requires the solution of specific expecta-
tion values. For nontrivial theories only approximations
of these can be derived and it remains questionable if
the resulting symmetry relation is enough to ensure the
complete continuum symmetry.
In summary we have pushed forward the blocking-
inspired approach towards lattice supersymmetry. In our
opinion the classification of smooth (and hard) breakings
of supersymmetry from the properties of the generator of
the deformed supersymmetry would pave a way towards
a practical implementation of lattice supersymmetry. In
this sense we have advanced towards posing the right
question but have not achieved an answer yet.
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